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Abstract In this paper, we mainly discuss the characterization of a class
of arithmetic functions f : N → C such that f(u2 + kv2) = f 2(u) + kf 2(v)
(k, u, v ∈ N). We obtain a characterization with given condition, propose a
conjecture and show the result holds for k ∈ {2, 3, 4, 5}.
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1 Introduction
Let C denote the set of all complex numbers and N be the set of all
positive integers. An arithmetic function is defined as f : N → C, which is an
important research branch of number theory. A arithmetic function defined on
N is called multiplicative if f(mn) = f(m)f(n) for all coprime m,n ∈ N , and
is called completely multiplicative if f(mn) = f(m)f(n) for all m,n ∈ N . In
recent years, a lot of work on arithmetic function satisfying some Cauchy-like
functional equation have been done by researchers.
As was in [5], Spiro showed that if the multiplicative function f : N → C
satisfies f(p + q) = f(p) + f(q) for all primes p, q and there exists n0 ∈ N
such that f(n0) 6= 0, then f(n) = n for all n. Later, Fang [6] extended
the conclusion to the equation f(p + q + r) = f(p) + f(q) + f(r). Dubickas
et al. [1] improved the conclusion to general case f(p1 + p2 + · · · + pk) =
f(p1) + f(p2) + · · ·+ f(pk), where k ≥ 2 is fixed, and Chen et al. [10] studied
the multiplicative function f satisfies f(p + q + n0) = f(p) + f(q) + f(n0),
where p, q are prime and n0 is a positive integer. Pong [3] considered that if the
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completely multiplicative function satisfies f(p+q+pq) = f(p)+f(q)+f(pq),
p, q are primes, and there exists some p0 such that f(p0) 6= 0, then f(n) = n
for all n. De Koninck et al. [7] described that if the multiplicative function
satisfies f(1) = 1 and f(p + m2) = f(p) + f(m2) when p is a prime, then
f(n) = n for all n. Chung [9] characterized the multiplicative and completely
multiplicative functions satisfy f(u2 + v2) = f 2(u) + f 2(v). Phong [4] proved
that for any k ∈ N , if the multiplicative function satisfies f(u2 + v2 + k) =
f(u2) + f(v2 + k), gcd(m, 2k) = 1 and f(4)f(9) 6= 0, then f(n) = n for
all n. Indlekofer et al. [8] also discussed the multiplicative function satisfies
f(u2 + v2 + k + 1) = f(u2 + k) + f(v2 + 1), f(2) 6= 0 and f(5) 6= 1, then
f(n) = n for all n, when gcd(n, 2) = 1 holds.
Recently, Basˇic´ [2] considered a modification of the functional equation
treated by Chung: f(u2 + v2) = f 2(u) + f 2(v), and proved that all such func-
tions can be grouped into three families, namely f(n) ≡ 0, f(n) = ±n, f(n) =
± 1
k+1
, and the sign is subjected to the precondition. In this paper, we mainly
consider the general cases: f(u2 + kv2) = f 2(u) + kf 2(v), we obtain a char-
acterization with given condition, propose a conjecture and show the result
holds for k ∈ {2, 3, 4, 5}.
2 Main result and problem
Let k, u, v ∈ N , in order to characterize the function satisfying f(u2 +
kv2) = f 2(u) + kf 2(v), we prove the following theorem firstly.
Theorem 2.1. Let k ≥ 2 be a positive integer and A =


6, k = 2;
7, k = 3;
2k, k ≥ 4,
f : N → C satisfy
f(u2 + kv2) = f 2(u) + kf 2(v) (2.1)
for all u, v ∈ N . If one of the following holds for all n (1 ≤ n ≤ A):
(1) f(n) ≡ 0;
(2) f(n) =
{
n, if there exist u, v ∈ N such that n = u2 + kv2;
±n, otherwise,
(3) f(n) =
{
1
k+1
, if there exist u, v ∈ N such that n = u2 + kv2;
± 1
k+1
, otherwise,
Then the corresponding one of (1) , (2) , (3) holds for all n ∈ N .
Proof. Let a, b, c, d be integers with ab ± kcd > 0 and ad ± bc > 0. Firstly,
we have
(ab+ kcd)2 + k(ad− bc)2 = (ab− kcd)2 + k(ad+ bc)2. (2.2)
Applying f to both sides of (2.2) and using equation (2.1) we have
f 2(ab+ kcd) + kf 2(ad− bc) = f 2(ab− kcd) + kf 2(ad+ bc). (2.3)
Now we only need to show one of (1), (2), (3) holds when n > A. By
induction on n, we complete the proof by the following two cases.
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Case 1: k is odd.
Then k ≥ 3.
Subcase 1.1: n is odd.
Let n = 2l + 1, then by n > A we have l ≥
{
4, if k = 3;
k, if k ≥ 5. We take
a = l− k−1
2
, b = 2, c = d = 1 in (2.3), then 2l− 2k+1 > 0, l− k−1
2
− 2 > 0 and
f 2(n) = f 2(2l − 2k + 1) + kf 2(l − k − 1
2
+ 2)− kf 2(l − k − 1
2
− 2). (2.4)
Subcase 1.1.1: (1) holds for 1 ≤ n ≤ A.
By the inductive assumption and f(n) ≡ 0 for 1 ≤ n ≤ A, we have
f 2(2l − 2k + 1) = f 2(l − k−1
2
+ 2) = f 2(l − k−1
2
− 2) = 0. Then f 2(n) = 0 by
(2.4) and thus f(n) = 0.
Subcase 1.1.2: (2) holds for 1 ≤ n ≤ A.
If there exist u, v ∈ N such that n = u2 + kv2, then by the inductive
assumption and (2) holds for 1 ≤ n ≤ A, we have f 2(u) = f 2(v) = 1
(k+1)2
,
and thus f(n) = 1
k+1
by (2.1).
Otherwise, by the inductive assumption and (2) holds for 1 ≤ n ≤ A, we
have f 2(2l − 2k + 1) = f 2(l − k−1
2
+ 2) = f 2(l − k−1
2
− 2) = 1
(k+1)2
. Then
f(n) = ± 1
k+1
by (2.4).
Subcase 1.1.3: (3) holds for 1 ≤ n ≤ A.
If there exist u, v ∈ N such that n = u2 + kv2, then by the inductive
assumption, we have f 2(u) = u2, f 2(v) = v2, thus f(n) = n by (2.1).
Otherwise, by the inductive assumption, we have f 2(2l − 2k + 1) = (2l −
2k+1)2, f 2(l− k−1
2
+2) = (l− k−1
2
+2)2 and f 2(l− k−1
2
− 2) = (l− k−1
2
− 2)2.
Then we have f 2(n) = (2l − 2k + 1)2 + k(l − k−1
2
+ 2)2 − k(l − k−1
2
− 2)2 =
4l2 + 4l + 1 = (2l + 1)2 = n2 by (2.4), and thus f(n) = ±n.
Combining the above three subcases, we complete the proof when n is odd.
Subcase 1.2: n is even.
Let n = 2l, then l ≥ k + 1 by n > A. We take a = 2l− k, b = c = d = 1 in
(2.3), then 2l − 2k > 0, 2l − k − 1 > 0 and
f 2(n) = f 2(2l − 2k) + kf 2(2l − k + 1)− kf 2(2l − k − 1). (2.5)
Subcase 1.2.1: (1) holds for 1 ≤ n ≤ A.
By the inductive assumption and f(n) ≡ 0 for 1 ≤ n ≤ A, we have
f 2(2l − 2k) = f 2(2l − k + 1) = f 2(2l − k − 1) = 0. Then f 2(n) = 0 by (2.5)
and thus f(n) = 0.
Subcase 1.2.2: (2) holds for 1 ≤ n ≤ A.
If there exist u, v ∈ N such that n = u2 + kv2, then by the inductive
assumption and (2) holds for 1 ≤ n ≤ A, we have f 2(u) = f 2(v) = 1
(k+1)2
,
and thus f(n) = 1
k+1
by (2.1).
Otherwise, by the inductive assumption and (2) holds for 1 ≤ n ≤ A, we
have f 2(2l−2k) = f 2(2l−k+1) = f 2(2l−k−1) = 1
(k+1)2
. Then f(n) = ± 1
k+1
by (2.5).
Subcase 1.2.3: (3) holds for 1 ≤ n ≤ A.
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If there exist u, v ∈ N such that n = u2 + kv2, then by the inductive
assumption, we have f 2(u) = u2, f 2(v) = v2, thus f(n) = n by (2.1).
Otherwise, by the inductive assumption, we have f 2(2l− 2k) = (2l− 2k)2,
f 2(2l − k + 1) = (2l − k + 1)2 and f 2(2l − k − 1) = (2l − k − 1)2. Then we
have f 2(n) = (2l− 2k)2 + k(2l− k + 1)2 − k(2l− k − 1)2 = 4l2 = n2 by (2.5),
and thus f(n) = ±n.
Combining the above three subcases, we complete the proof when n is even.
Case 2: k is even.
Subcase 2.1: n is odd.
Let n = 2l + 1, then by n > A we have l ≥
{
3, if k = 2;
k, if k ≥ 4. We take
a = 2l−k+1, b = c = d = 1 in equation (2.3), then 2l−2k+1 > 0, 2l−k > 0
and
f 2(n) = f 2(2l − 2k + 1) + kf 2(2l − k + 2)− kf 2(2l − k). (2.6)
Subcase 2.2: n is even.
Let n = 2l, then by n > A we have l ≥
{
4, if k = 2;
k + 1, if k ≥ 4. We take
a = l− k
2
, b = c = d = 1 in equation (2.3), then 2l− 2k > 0, l− k
2
− 2 > 0 and
f 2(n) = f 2(2l − 2k) + kf 2(l − k
2
+ 2)− kf 2(l − k
2
− 2). (2.7)
Similar to the proof of Case 1, we can complete the proof by the assumption,
(2.1), (2.6) or (2.7), so we omit it. 
Based on the result of Theorem 2.1, we propose the following conjecture
for further research.
Conjecture 2.2. Let k ∈ N , f : N → C satisfy (2.1) for all u, v ∈ N . Then
one of the following holds:
(1) f(n) ≡ 0;
(2) f(n) =
{
n, if there exist u, v ∈ N such that n = u2 + kv2;
±n, otherwise.
(3) f(n) =
{
1
k+1
, if there exist u, v ∈ N such that n = u2 + kv2;
± 1
k+1
, otherwise.
In the following sections, we will show Conjecture 2.2 holds for the cases
k = 2, 3, 4, 5.
3 The proof of k = 2
In this section, we will prove Conjecture 2.2 holds for k = 2.
Lemma 3.1. Let f : N → C satisfy
f(u2 + 2v2) = f 2(u) + 2f 2(v) (3.1)
for all u, v ∈ N , f(1) = a and f(2) = b. Then we have
f 2(3) = 9a4, (3.2)
4
f 2(4) =
1
2
(27a4 − 3a2 + 2b2), (3.3)
f 2(5) = 27a4 − 2a2, (3.4)
f 2(6) = 36a4 − 4a2 + b2. (3.5)
Proof. Since f(1) = a, f(2) = b and 3 = 12+2× 12, then we have f(3) = 3a2
and thus (3.2) holds. Noting that 27 = 32 + 2 × 32 = 52 + 2 × 12, 33 =
12 + 2× 42 = 52 + 2× 22 and 54 = 22 + 2× 52 = 62 + 2× 32, then we have

f 2(3) + 2f 2(3) = f 2(5) + 2f 2(1),
f 2(1) + 2f 2(4) = f 2(5) + 2f 2(2),
f 2(2) + 2f 2(5) = f 2(6) + 2f 2(3).
(3.6)
Solving (3.6), we have (3.3)-(3.5) hold, which complete the proof. 
Now we evaluate f(1).
Lemma 3.2. f(1) ∈ {0, 1,−1, 1
3
,−1
3
}.
Proof. Firstly, by f(1) = a, f(2) = b and f(6) = f(22 + 2 × 12) = f 2(2) +
2f 2(1) = b2 + 2a2, we have
f 2(6) = (b2 + 2a2)2. (3.7)
Similarly, by f(9) = f(12 + 2× 22) = f 2(1) + 2f 2(2) = a2 + 2b2, we have
f 2(9) = (a2 + 2b2)2. (3.8)
Noting that 51 = 12+2×52 = 72+2×12 and 99 = 12+2×72 = 92+2×32,
then we have f 2(1)+2f 2(5) = f 2(7)+2f 2(1), f 2(1)+2f 2(7) = f 2(9)+2f 2(3)
and thus
f 2(9) = 90a4 − 9a2. (3.9)
Combining (3.5), (3.7), (3.8) and (3.9), we have
{
(b2 + 2a2)2 = 36a4 − 4a2 + b2,
(a2 + 2b2)2 = 90a4 − 9a2.
Then
b2 =
39a4 − 7a2
12a2 − 4 , (3.10)
and (39a
4−7a2
12a2−4 )
2 + 4a
2(39a4−7a2)
12a2−4 + 4a
4 = 36a4 − 4a2 + 39a4−7a2
12a2−4 . By simplifying
this equation, we have a2(a− 1)(a+ 1)(3a− 1)(3a+ 1)(15a2 − 4) = 0. Thus
a1 = a2 = 0, a3 = 1, a4 = −1, a5 = 1
3
, a6 = −1
3
, a7 =
2
√
15
15
, a8 = −2
√
15
15
.
Now we show that f(1) = ±2
√
15
15
is impossible. Otherwise, we have a2 = 4
15
and b2 = −17
15
by (3.10). Since f(12) = f(22 + 2× 22) = f 2(2) + 2f 2(2) = 3b2,
then we have
f 2(12) = 9b4. (3.11)
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On the other hand, we note that 108 = 102 + 2 × 22 = 62 + 2 × 62 and
216 = 42+2×102 = 122+2×62, then we have f 2(10)+2f 2(2) = f 2(6)+2f 2(6),
f 2(4) + 2f 2(10) = f 2(12) + 2f 2(6) and
f 2(12) = f 2(4) + 4f 2(6)− 4b2 = 315a
4 − 35a2 + 2b2
2
. (3.12)
By (3.11)-(3.12), we have
315a4 − 35a2 + 2b2
2
− 9b4 = 0.
Unfortunately, when we put a2 = 4
15
and b2 = −17
15
in 315a
4−35a2+2b2
2
− 9b4,
we obtain 315a
4−35a2+2b2
2
− 9b4 6= 0. Thus it implies a contradiction and we
complete the proof. 
By Lemmas 3.1-3.2 and direct calculation, we obtain the following Coroll1ary.
Corollary 3.3. Let 1 ≤ n ≤ 6 and f satisfy the function equation (3.1). Then
one of the following holds.
(1) f(n) ≡ 0;
(2) f(n) =
{
n, if n ∈ {3, 6};
±n, otherwise.
(3) f(n) =
{
1
3
, if n ∈ {3, 6};
±1
3
, otherwise.
Now, by Theorem 2.1 and Corollary 3.3, we obtain Theorem 3.4 directly.
Theorem 3.4. Conjecture 2.2 holds for k = 2.
4 The proof of k = 3
In this section, we will prove Conjecture 2.2 holds for k = 3.
Lemma 4.1. Let f : N → C satisfy
f(u2 + 3v2) = f 2(u) + 3f 2(v) (4.1)
for all u, v ∈ N , f(1) = a and f(2) = b. Then we have
f 2(3) =
1
3
(8b2 − 5a2), (4.2)
f 2(4) = 5b2 − 4a2, (4.3)
f 2(5) = 8b2 − 7a2, (4.4)
f 2(6) =
1
3
(35b2 − 32a2), (4.5)
f 2(7) = 16b2 − 15a2, (4.6)
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Proof. Since f(1) = a, f(2) = b and 28 = 52+3×12 = 12+3×32 = 42+3×22
and 52 = 22 + 3× 42 = 52 + 3× 32, we have


f 2(5) = 3f 2(3)− 2a2,
f 2(4) = 3f 2(3) + a2 − 3b2,
b2 + 3f 2(4) = f 2(5) + 3f 2(3).
(4.7)
Solving (4.7), we have (4.2), (4.3) and (4.4) hold.
Similarly, it is easy to find that 84 = 62 + 3 × 42 = 32 + 3 × 52 and
124 = 72 + 3× 52 = 42 + 3× 62, then we have
{
f 2(6) + 3f 2(4) = f 2(3) + 3f 2(5),
f 2(7) + 3f 2(5) = f 2(4) + 3f 2(6).
(4.8)
Solving (4.8), we have (4.5) and (4.6) hold. Then we complete the proof. 
Now we evaluate f(1).
Lemma 4.2. f(1) ∈ {0, 1,−1, 1
4
,−1
4
}.
Proof. Firstly, by f(1) = a and f(4) = f(12 + 3 × 12) = f 2(1) + 3f 2(1) =
4f 2(1) = 4a2, we have
f 2(4) = 16a4. (4.9)
Noting that 112 = 102+3×22 = 22+3×62, 208 = 142+3×22 = 102+3×62
and 304 = 162 + 3× 42 = 142 + 3× 62, then we have


f 2(10) + 3f 2(2) = f 2(2) + 3f 2(6),
f 2(14) + 3f 2(2) = f 2(10) + 3f 2(6),
f 2(16) + 3f 2(4) = f 2(14) + 3f 2(6),
and
f 2(16) = 9f 2(6)− 5f 2(2)− 3f 2(4) = 85b2 − 84a2. (4.10)
On the other hand, by f(2) = b and f(16) = f(22 + 3 × 22) = f 2(2) +
3f 2(2) = 4f 2(2) = 4b2, we have
f 2(16) = 16b4. (4.11)
Combining (4.3), (4.9), (4.10) and (4.11), we have
{
5b2 − 4a2 = 16a4,
85b2 − 84a2 = 16b4.
Then
b2 =
1
5
(16a4 + 4a2), (4.12)
and 17(16a4+4a2)− 84a2 = 16
25
(16a4+4a2)2. By simplifying this equation, we
have a2(a− 1)(a+ 1)(4a− 1)(4a+ 1)(16a2 + 25) = 0. Thus
a1 = a2 = 0, a3 = 1, a4 = −1, a5 = 1
4
, a6 = −1
4
, a7 =
5
4
i, a8 = −5
4
i.
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Now we show that f(1) = ±5
4
i is impossible. Otherwise, we have a2 = −25
16
and b2 = 105
16
by (4.12). Noting that f(7) = f(22 + 3× 12) = f 2(2) + 3f 2(1) =
b2 + 3a2, by (4.6), we have
(b2 + 3a2)2 − (16b2 − 15a2) = 0.
But when we put a2 = −25
16
and b2 = 105
16
in (b2 + 3a2)2 − (16b2 − 15a2), we
obtain (b2 + 3a2)2 − (16b2 − 15a2) 6= 0 which implies a contradiction and we
complete the proof. 
By Lemmas 4.1-4.2 and direct calculation, we obtain the following Coroll1ary.
Corollary 4.3. Let 1 ≤ n ≤ 7 and f satisfy the function equation (4.1). Then
one of the following holds.
(1) f(n) ≡ 0;
(2) f(n) =
{
n, if n ∈ {4, 7};
±n, otherwise.
(3) f(n) =
{
1
4
, if n ∈ {4, 7};
±1
4
, otherwise.
Now, by Theorem 2.1 and Corollary 4.3, we obtain Theorem 4.4 directly.
Theorem 4.4. Conjecture 2.2 holds for k = 3.
5 The proof of k = 4
In this section, we will prove Conjecture 2.2 holds for k = 4.
Lemma 5.1. Let f : N → C satisfy
f(u2 + 4v2) = f 2(u) + 4f 2(v) (5.1)
for all u, v ∈ N , f(1) = a and f(2) = b. Then (4.2)-(4.6) and (5.2) hold:
f 2(8) = 21b2 − 20a2. (5.2)
Proof. Since f(1) = a, f(2) = b, 20 = 42 + 4 × 12 = 22 + 4 × 22, 65 =
72 + 4× 22 = 12 + 4× 42 and 68 = 82 + 4× 12 = 22 + 4× 42, we have
f 2(4) = 5f 2(2)− 4f 2(1) = 5b2 − 4a2,
f 2(7) = f 2(1) + 4f 2(4)− 4f 2(2) = 16b2 − 15a2,
and
f 2(8) = f 2(2) + 4f 2(4)− 4f 2(1) = 21b2 − 20a2.
Noting that 200 = 102 + 4 × 52 = 22 + 4 × 72 and 104 = 102 + 4 × 12 =
22 + 4× 52, we have
{
f 2(10) + 4f 2(5) = f 2(2) + 4f 2(7),
f 2(10) + 4f 2(1) = f 2(2) + 4f 2(5).
(5.3)
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Solving (5.3), we obtain f 2(10) = 33b2 − 32a2 and (4.4) holds.
Similarly, it is easy to find that 100 = 62 + 4 × 42 = 82 + 4 × 32, 265 =
32+4× 82 = 112 +4× 62 and 125 = 112 +4× 12 = 52+4× 52. Then we have

f 2(6) + 4f 2(4) = f 2(8) + 4f 2(3),
f 2(3) + 4f 2(8) = f 2(11) + 4f 2(6),
f 2(11) + 4f 2(1) = f 2(5) + 4f 2(5).
(5.4)
Solving (5.4), (4.2) and (4.5) hold, and we complete the proof. 
Now we evaluate f(1).
Lemma 5.2. f(1) ∈ {0, 1,−1, 1
5
,−1
5
}.
Proof. Firstly, by f(1) = a and f(5) = f(12 + 4 × 12) = f 2(1) + 4f 2(1) =
5f 2(1) = 5a2, we have
f 2(5) = 25a4. (5.5)
Similarly, by f(2) = b and f(20) = f(22 + 4 × 22) = f 2(2) + 4f 2(2) =
5f 2(2) = 5b2, we have
f 2(20) = 25b4. (5.6)
Noting that 404 = 202 + 4× 12 = 22 + 4× 102, by (5.3) we have
f 2(20) = f 2(2) + 4f 2(10)− 4f 2(1) = 133b2 − 132a2. (5.7)
Combining (4.4), (5.5), (5.6) and (5.7), we have
{
8b2 − 7a2 = 25a4,
133b2 − 132a2 = 25b4.
Then we have
b2 =
1
8
(25a4 + 7a2), (5.8)
and 133
8
(25a4 + 7a2)− 132a2 = 25
64
(25a4 + 7a2)2. By simplifying this equation,
we have a2(a− 1)(a+ 1)(5a− 1)(5a+ 1)(5a2 + 8) = 0. Thus
a1 = a2 = 0, a3 = 1, a4 = −1, a5 = 1
5
, a6 = −1
5
, a7 =
2
√
10
5
i, a8 = −2
√
10
5
i.
Now we show that f(1) = ±2
√
10
5
i is impossible. Otherwise, we have a2 =
−8
5
and b2 = 33
5
by (5.8). Noting that f(8) = f(22+4×12) = f 2(2)+4f 2(1) =
b2 + 4a2, by (5.2), we have
(b2 + 4a2)2 − (21b2 − 20a2) = 0.
Unfortunately, when we put a2 = −8
5
and b2 = 33
5
in (b2+4a2)2−(21b2−20a2),
we obtain (b2 + 4a2)2 − (21b2 − 20a2) 6= 0 which implies a contradiction and
we complete the proof. 
By Lemmas 5.1-5.2 and direct calculation, we obtain the following Coroll1ary.
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Corollary 5.3. Let 1 ≤ n ≤ 8 and f satisfy the function equation (5.1). Then
one of the following holds.
(1) f(n) ≡ 0;
(2) f(n) =
{
n, if n ∈ {5, 8};
±n, otherwise.
(3) f(n) =
{
1
5
, if n ∈ {5, 8};
±1
5
, otherwise.
Now, by Theorem 2.1 and Corollary 5.3, we obtain Theorem 5.4 directly.
Theorem 5.4. Conjecture 2.2 holds for k = 4.
6 The proof of k = 5
In this section, we will prove Conjecture 2.2 holds for k = 5.
Lemma 6.1. Let f : N → C satisfy
f(u2 + 5v2) = f 2(u) + 5f 2(v) (6.1)
for all u, v ∈ N , f(1) = a and f(2) = b. Then (4.2)-(4.6), (5.2), (6.2) and
(6.3) hold:
f 2(9) =
1
3
(80b2 − 77a2), (6.2)
f 2(10) = 33b2 − 32a2. (6.3)
Proof. Since f(1) = a, f(2) = b and 21 = 42 + 5 × 12 = 12 + 5 × 22,
84 = 82+5×22 = 22+5×42, 69 = 72+5×22 = 82+5×12, 129 = 72+5×42 =
22 + 5× 52, 345 = 102 + 5× 72 = 52 + 5× 82, 54 = 32 + 5× 32 = 72 + 5× 12,
81 = 62 + 5× 32 = 12 + 5× 42, 126 = 92 + 5× 32 = 12 + 5× 52, we have


f 2(4) + 5f 2(1) = f 2(1) + 5f 2(2),
f 2(8) + 5f 2(2) = f 2(2) + 5f 2(4),
f 2(7) + 5f 2(2) = f 2(8) + 5f 2(1),
f 2(7) + 5f 2(4) = f 2(2) + 5f 2(5),
f 2(10) + 5f 2(7) = f 2(5) + 5f 2(8),
f 2(3) + 5f 2(3) = f 2(7) + 5f 2(1),
f 2(6) + 5f 2(3) = f 2(1) + 5f 2(4),
f 2(9) + 5f 2(3) = f 2(1) + 5f 2(5).
(6.4)
Solving (6.4), (4.2)-(4.6), (5.2), (6.2)-(6.3) hold, so we complete the proof. 
Now we evaluate f(1).
Lemma 6.2. f(1) ∈ {0, 1,−1, 1
6
,−1
6
}.
Proof. Firstly, by f(1) = a and f(6) = f(12 + 5 × 12) = f 2(1) + 5f 2(1) =
6f 2(1) = 6a2, we have
f 2(6) = 36a4. (6.5)
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Similarly, by f(2) = b and f(9) = f(22+5×12) = f 2(2)+5f 2(1) = b2+5a2,
we have
f 2(9) = (b2 + 5a2)2. (6.6)
Combining (4.5), (6.2), (6.5) and (6.6), we have
{
1
3
(35b2 − 32a2) = 36a4
(b2 + 5a2)2 = 1
3
(80b2 − 77a2).
Then we have
b2 =
1
35
(108a4 + 32a2), (6.7)
and (108a
4+32a2
35
+5a2)2 = 1
3
(80(108a
4+32a2)
35
−77a2). By simplifying this equation,
we have a2(a− 1)(a+ 1)(6a− 1)(6a+ 1)(36a2 + 175) = 0. Thus
a1 = a2 = 0, a3 = 1, a4 = −1, a5 = 1
6
, a6 = −1
6
, a7 =
5
√
7
6
i, a8 = −5
√
7
6
i.
Now we show that f(1) = ±5
√
7
6
i is impossible. Otherwise, we have a2 =
−175
36
and b2 = 2465
36
by (6.7).
Noting that 581 = 242 + 5× 12 = 92 + 5× 102, we have
f 2(24) = f 2(9) + 5f 2(10)− 5f 2(1) = 1
3
(575a4 − 572a2). (6.8)
On the other hand, we know f(24) = f(22 + 5 × 22) = 6f 2(2) = 6b2, then by
(6.8) we have
1
3
(575a4 − 572a2)− 36b4 = 0. (6.9)
Unfortunately, when we put a2 = −175
36
and b2 = 2465
36
in the left side of
(6.9), we obtain 1
3
(575a4 − 572a2)− 36b4 6= 0. Thus it implies a contradiction
and we complete the proof. 
By Lemmas 6.1-6.2 and direct calculation, we obtain the following Corol-
lary.
Corollary 6.3. Let 1 ≤ n ≤ 10 and f satisfy the function equation (6.1).
Then one of the following holds.
(1) f(n) ≡ 0;
(2) f(n) =
{
n, if n ∈ {6, 9};
±n, otherwise.
(3) f(n) =
{
1
6
, if n ∈ {6, 9};
±1
6
, otherwise.
Now, by Theorem 2.1 and Corollary 6.3, we complete the proof of Theorem
6.4.
Theorem 6.4. Conjecture 2.2 holds for k = 5.
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7 Some remarks
So far, we know Conjecture 2.2 holds for k = 1, 2, 3, 4, 5 by [2] and the
results of Sections 3-6. In fact, for k = 2, 3, 4, 5, firstly, we find the formulae of
f(3), f(4), . . . , f(A) with f(1) and f(2), then evaluate the value of f(1), and
show the result holds for all n with 1 ≤ n ≤ A by direct calculation, finally, we
show Conjecture 2.2 holds for k = 2, 3, 4, 5 by Theorem 2.1. Similarly, we can
show the cases k = 6, 7, . . . by the similar methods, so we omit it. Of course,
we expect there exists better methods to simplify the proof.
By the way, we find an interesting fact. The formulae (4.2)-(4.6), (5.2) and
(6.2)-(6.3) all hold for k = 3, 4, 5. Are they also hold for k = 6, 7 or more? We
donot know, but it is worth expecting.
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